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Diffusing-wave-spectroscopy investigation of latex particle motion in polymer gels

G. Nisato,* P. Hébraud, J.-P. Munch, and S. J. Candau
Laboratoire de Dynamique de Fluides Complexes, 3 rue de l’Universite´, 67084 Strasbourg, France

~Received 1 February 1999; revised manuscript received 5 November 1999!

Dynamic light scattering studies of particle motion in cross-linked chemical gels are limited by the fact that
when the cross-linking ratio is increased, the scattered intensity becomes quenched, and time-dependent con-
centration fluctuations contribute less and less to the overall scattering signal. The concentration fluctuations
then occur at very small length scales, which can become inaccessible to classical dynamic light scattering
techniques. Diffusing wave spectroscopy can help overcome these experimental difficulties. We extend this
technique to the case of nonergodic systems, and apply it to the detection of the motion of probe particles
trapped inside chemically cross-linked gels. We measure the mean square displacement of the nanometric
probes, leading to the measurement of local mechanical properties of the gel matrix.

PACS number~s!: 83.85.Ei, 83.10.Dd, 82.70.Gg
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I. INTRODUCTION

Microrheological techniques have been applied to
study of soft-matter systems since the late 1920s, and h
recently received an increasing amount of interest, both fr
experimental and theoretical points of view@1–6#. The main
advantage of these techniques resides in the fact that
allow anin situ determination of the rheological properties
a wide range of materials extending the dynamic range
classical rheometers as well as the type of systems, synt
or biological, that can be studied. Recently, several wo
focused on ‘‘passive’’ microrheological techniques@4,5,7#.
In this kind of approach, thermal fluctuations drive the m
tion of probe particles embedded in the medium being st
ied. By measuring either the mean square displacemen
the power spectrum of the position fluctuations of the pro
particles, it is possible to calculate the mechanical respo
of the medium. A classic example is given by the Browni
motion of latex spheres suspended in a Newtonian fluid:
Stokes-Einstein relationship relates the mean square
placement of the particles to the viscosity of the mediu
which can be thus measured once the particle size is kno

When the medium surrounding the probe particles is e
tic ~i.e., has a nonzero storage modulus at zero frequen!,
the elementary theory of elasticity states that the particles
geometrically confined. The inherent nonergodicity of the
systems has to be addressed when light scattering techn
are used to measure the motion of probe particles. In
paper we address this point by extending the formalism
was developed for interpreting dynamic light scattering
nonergodic media to the case of diffusing wave spectr
copy, and we also report the results of a study on a mo
nonergodic system.

The study of the dynamics of nonergodic systems is m
difficult by the fact that they explore only a fraction of a
their possible configurations. More specifically, the expe
mentalist who wants to investigate the domain of the ph
space that is actually explored by the system and its ass

*Present address: Philips Research, Prof. Holstlaan 4~WB72!,
NL-5656 AA Eindhoven, The Netherlands.
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ated dynamics encounters two main difficulties. First of a
ensemble averages over all the configurations have to be
formed explicitly by the observer. Second, the length sca
freely explored by the system are limited, and therefore i
necessary to perform observations at short time and len
scales.

Polymer gels are a very good example of nonergodic s
tems. In these materials, the concentration fluctuations
geometrically and topologically constrained by the prese
of cross-links that act as a quenched disorder. The dyna
properties of polymeric gels have been investigated us
dynamic light scattering~DLS!, which probes the time-
dependent density fluctuations occurring in the scatter
volume under observation@8–10#. The scattered intensity is
found to be the sum of a random thermal component an
quenched term that depends on the location of the scatte
volume inside the gel@11#. The intensity associated with th
frozen-in component depends in a complex manner on
conditions of preparation of the gel. More specifically, it
related to the polymer concentration and to the cross-link
ratio, defined as the molar ratio of cross-linking units to t
total number of monomers.

Upon increasing the cross-linking density, the therm
motion of the scatterers becomes more and more hinde
and one needs to probe the system at smaller and sm
length scales to detect any motion or relaxation phenome
Eventually, the scale of observation is no longer access
to DLS, and one must turn to other techniques of investi
tion. Diffusing wave spectroscopy~DWS!, an extension of
the light scattering technique suited for the study of high
scattering systems, allows one to probe displacements o
scatterers of the order of a few angstroms. This is due to
fact that the phase shift between an entering and an ex
photon results from a large numberN of scattering events
The motion of each of the scatterers over a distance of
order of l/N is enough to completely decorrelate the sc
tered signal@12#. The motion of latex spheres suspended
water and polymer solutions at length scales as small as
angstroms has been investigated using this technique@13#.

In the present study we consider covalently cross-link
gels containing nanometric polystyrene spheres with dia
eter much larger than the mesh sizej ~; 5 nm! of the poly-
2879 ©2000 The American Physical Society
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2880 PRE 61NISATO, HÉBRAUD, MUNCH, AND CANDAU
mer network. The distance over which the particles c
move in a polymer matrix is controlled by the competitio
between the thermal energy and the elasticity of the ma
As the cross-link density is increased, the elasticity of
polymer network increases, leading to increasingly sma
spatial excursions of the particles, that eventually canno
detected by DLS. The amplitude of the mean square
placement of each bead is limited and reaches a finite va
Dr 2(`)56d2, at long times. Thus, when probing the motio
of the beads at length scales larger thand, one can observe
the effect of nonergodicity of the system: the result of
given light scattering experiment depends on the partic
scattering volume observed or, equivalently, on the partic
point of the speckle pattern being observed. One there
needs to perform an ensemble average in order to ob
thermodynamically relevant quantities. The simplest a
most efficient, but also must tedious method, consists of
forming the ensemble average ‘‘manually,’’ by measuri
the desired quantities for a great number of different confi
rations and then properly averaging them. However, it
possible to find relationships between measured time a
aged and ensemble averages of interest. Pusey and
Megen derived such relationships in the case of DLS@14#. In
the first part of this paper we show that the same appro
can be extended to DWS. We then experimentally inve
gate the dynamics of latex beads embedded in chemic
cross-linked polyacrylic acid gels. By varying the cross-li
density, one can tune the elastic modulusG in a rather large
range (;10 Pa,G<103 Pa). We took advantage of this po
sibility to determine the ranges ofG for which either DLS or
DWS can be used, thus showing the complementary cha
ter of these two techniques to probe the motion of the p
ticles trapped in polymer gels over a large gamut of len
scales.

II. DWS IN NONERGODIC SYSTEMS

The following presentation requires a certain familiar
with the DWS formalism presented by Weitz and Pine
Ref. @12# as well as the work of Pusey and Van Megen@14#.
We took advantage of the following analogies: one opti
path in DWS plays the role of a single scatterer in DLS, a
one distribution of paths in DWS plays the role of one sc
tering volume in DLS.

Let us consider a plane wave traveling through a med
turbid enough for the phase of an entering photon to be
domized when it leaves the sample. In other words, we s
that each photon follows a random walk inside the medi
@15#. The electric fieldE(r0 ,t) at the output of the sampl
can be written

E~r0 ,t !5 (
pPP

E0eiFp~ t !5 (
pPP

Ep, ~1!

whereP is the ensemble of optical paths that begin at
entering surface of the sample and ends at a pointr0 on the
detector,E0 is the incident electric field,Fp(t) is the phase
difference due to diffusion along pathp inside the sample
and Ep is the electric field associated with pathp. The ex-
pression of the electric field is similar to the one encounte
in DLS,
n
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E~q,t !5 (
r j PVdiff

E0eiqr j ~ t !, ~2!

wherer j are the positions of the scatterers belonging to
observed diffusing volumeVdiff , andq is the transfer vector.
However, Eqs.~1! and~2! differ in two aspects. In DWS, the
expression of the phase difference is a sum over a la
number of scattering events, whereas only one scatte
event occurs in DLS. Also, in DLS one does not have ana
priori information about the spatial correlation of the ind
vidual scatterers (r j ), whereas in DWS one may assume th
two optical paths are not correlated@12#. As we will see
further, the last property simplifies the expression of the
namic structure factors. It also leads to a linear relations
between the correlation function of the electric field asso
ated with pathp and the correlation function of the tota
electric field, which simplifies the computation of the latt
@12#.

We now focus our attention on the expression of the
tensity scattered at one pointr0 of the output. As all the paths
are independent we have

I ~ t !5 (
pPP8

Ep~ t !•Ep* ~ t !. ~3!

If the system is ergodic, thenFp(t) is a random variable as
well asEp(t). The total electric fieldE(t) is then a Gaussian
variable, according to the central limit theorem. Therefo
the ensemble-averaged correlation function of the inten
may be factorized according to@16#:

^^I ~ t !I ~ t1t!& t&«5^I ~ t !&«1@F~ t !#2, ~4!

where

F~t!5(
p

(
p8

E0
2^^exp@ iFp~ t !2 iFp8~ t1t!#& t&« . ~5!

Since no correlation exists between any two given paths,
ensemble average in Eq.~5! is redundant, as it is performe
by the summation over the paths; hence

F~t!5(
p

E0
2^exp@ iFp~ t !2 iFp~ t1t!#& t5^I &« f ~t!.

~6!

By definition @14#, f (t) is the normalized dynamic structur
factor function. This relationship is of crucial importance
it links an ensemble-averaged function to a time-avera
observation at one given point, which is position depende
It lies in the fact that all the optical paths have been assum
to be noncorrelated.

Let us now consider a nonergodic medium. We assu
that each particle can move around a fixed positionRj , so
that its position may be written

r j~ t !5Rj1dj~ t ! ~7!

where^dj (t)& t50, so that the phase differenceFp(t) along
pathp may be decomposed in the same way:

Fp~ t !5Cc
P1F f

p~ t !. ~8!
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The first term in Eq.~8! is time independent, and the mea
value of the second one is zero. We are thus allowed to w

Ep~ t !5Ec
P1Ef

p~ t ! ~9!

where, if we putwp5^exp@iFf
p(t)#&t , the fixed and the fluc-

tuating components of the electric field are

Ec
P5E0 exp~ iCc

p!, ~10!

Ef
P~ t !5E0 exp~ iCc

p!@exp~ if f
p!2wp#. ~11!

The total electric field is the sum of a constant field and
Gaussian field:

E~ t !5 (
pPP

EP~ t !5 (
pPP

Ec
P~ t !1 (

pPP
Ef

P~ t !. ~12!

Equation ~12! describes a heterodyne DLS experiment,
which a reference field is superimposed to the field of sc
tered radiation@17#. In our case, the ‘‘reference’’ and th
oscillating sources are a consequence of the nonergodici
the physical system, leading to a self-heterodyne situa
@8#.

The experimentally accessible quantity is the tim
averaged autocorrelation function of the scattered intens
which can be expressed as@17#

^I ~ t !I ~ t1t!& t5^I f~ t !I f~ t1t!& t

12I c^Ef~ t !•Ef* ~ t1t!& t12I c^I f~ t !& t1I c
2,

~13!

whereI f and I c are the fluctuating~time-dependent! and the
frozen-in components of the scattered intensity, respectiv
The first two terms of Eq.~13! may be evaluated using th
Gaussian character ofEf(t), leading to:

^Ef~ t !•Ef* ~ t1t!& t5^I &«@ f ~t!2 f ~`!#, ~14!

^I f~ t !I f~ t1t!& t5^I &«
2@ I 2 f ~`!#21@ f ~t!2 f ~`!#2.

~15!

Most commercially available autocorrelators measure
normalized time-averaged autocorrelation function of
scattered intensity:gt

2(t)5^I (t)I (t1t)& t /^I (t)& t
2, which is

linked to the structure factorF(t) through

gt
2~t!511Y2@ f ~t!22 f ~`!2#12Y~12Y!@ f ~t!2 f ~`!#,

~16!

whereY5^I &« /^I & t . We remind the reader that^I & t depends
on the on the spot of the speckle pattern being observed.
relationship between time-averaged autocorrelation func
and dynamic structure factor expressed in Eq.~16! was es-
tablished by Pusey and Van Megen in the case of DLS,
discussed in detail in Ref.@14#.

If we assume now that the mean temporal value of
intensity does not depend on the observation point, we ob

~gt
2~0!21!^I ~ t !& t

252I f
212^I ~ t !& tI f . ~17!
te
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The left-hand side is thus a linear function of^I (t)& t , and its
slope is 2I f . This equation allows a direct way to chec
experimentally the ‘‘self-heterodyning’’ of the scattering.
also provides an accurate method to measureI f and to show
it is not dependent on the sample position.

III. RESULTS AND DISCUSSION

A. Sample preparation

We studied the motion of latex particles embedded in
matrices chemically cross-linked to different degrees. T
probe particles were latex particles~Poly Science nano-
spheres!, their diameters were measured by DLS in wa
suspensions at a volume fractionf52.531022. We used
85-nm particles for the samples studied by DLS, and 107-
particles for the samples studied by DWS. The spheres
cupied volume fractionsf51024 andf52.531022 in the
samples studied by DLS and DWS, respectively. The
matrices were polyacrylic acid~PAA! gels. The total poly-
mer concentrationCp50.05 g/cm3 was kept constant in al
the samples. The cross-linking ratioRc , defined as the mola
ratio of cross-linking molecules to the total molar monom
concentration, varied from 1.631023 to 131022 ~see Table
I!. The samples were prepared by radical copolymeriza
of acrylic acid and methylene bis-acrylamide monomers
aqueous solutions containing the appropriate volume frac
of polystyrene nanospheres. The radical polymerization re
tion, performed at 70 °C, was initiated by the addition
addition of ammonium persulfate immediately after the s
lutions were degassed. The samples were prepared direc
the light scattering cells. The sample preparation was p
formed along the lines of the experimental protocol detai
in previous publications, where further details can be fou
@18#.

The polymer network thus formed is weakly anionic, r
ducing the risk of physisorption on the surface of the la
particles, since the latter are lightly sulfonated. For the po
mer concentrations under consideration, it is possible to
timate an average ‘‘mesh size’’j of the polymer network of
the order of 5 nm, much smaller than the diameter of
probe particles@19#. The polymer matrix can therefore, in
first approximation, be considered as a continuous medium
the length scale of the nanospheres.

TABLE I. Fitting parameters and estimated local rheologic
quantities @see Eqs.~23! and ~24!# corresponding to different
crosslinking ratiosRc . DLS and DWS data were obtained wit
particles having diameters of 85 and 107 nm, respectively.

Rc

d2

~nm2!
^tc&
~ms! g

v
~Pa s!

m
~Pa!

DLS 1.631023 390 144 0.52 1.9 10
231023 250 89.2 0.47 1.8 16
531023 26 14.4 0.31 2.9 150

DWS
transmission

531023 16 8.89 <0.3 2.3 250

DWS
backscattering

131022 2.6 0.79 <0.3 1.2 1500



s
s
to
i-

ns

C

e
a

tu

s
t
a

e

th
d

e

e
ze
ic

r-
en
nt

te
,

tw
in

e
e

o
to
te
m
a

e

ary.

the
o
ero

t-

at
me
ss-

le

2882 PRE 61NISATO, HÉBRAUD, MUNCH, AND CANDAU
B. Experimental setup

1. DLS

The coherent source was a Spectra Physics 2020 la
operated at 0.4 W withl5488 nm. The correlation function
were calculated by an ALV 5000 logarithmic autocorrela
~in the ‘‘Single’’ mode!. The coherence factor of the exper
mental setup was measured with a reference latex suspe
and corresponded tob50.9760.02. All the experiments
were performed in a controlled environment at 22 °C60.5.
The scattering cells were vertically translated with a P
controlled step motor~Microcontrole!, allowing reproducible
positioning with a resolution of 1mm. The total excursion
was 7 mm. For each sample and scattering angle, we m
sured 1000 different autocorrelation functions of the sc
tered intensity~10-s acquisition time for each one of them! in
order to calculate the ensemble-averaged dynamic struc
factor @9,10,14,20#.

2. DWS

The coherent source was a Spectra Physics 2020 la
operated atl5488 nm. The laser beam was expanded
approximately 1 cm at the sample. The diffused light w
collected by two monomode optic fibers~ALV ! connected to
ALV photon-counting devices. One of the fibers was plac
in the axis of the beam~‘‘transmitting’’ geometry!, and the
second fiber was placed in the backscattering cone~‘‘back-
scattering’’ geometry!.

The characteristic length scales probed by DWS in
‘‘backscattering’’ and ‘‘transmitted’’ geometries are define
by l B

25@1/k0
2(z0 / l * 12/3)2# and l T

25( l * /k0L)2, respec-
tively, wherek0

252p/l, L50.5 mm is the thickness of th
sample,l * 5140mm is the scattering mean free path, andz0
is the penetration depth@15#. The relationships above ar
obtained by expanding at long times the properly normali
expressions for the dynamic structure factors in DWS wh
can be found in Ref.@15#. The lengthsl B and l T are the
equivalent of the inverse scattering vectorq in the DLS ex-
periments, and one hasl B! l T . Therefore, these two obse
vation geometries allow us to probe relaxation phenom
occurring at two different length scales. From experime
performed on latex suspensions in water, we obtainedl B
52.3 nm andl T516 nm.

The sample was either translated by a PC-controlled s
motor analogous to the one employed in the DLS setup
was displaced with an electroacoustic@21# device. In the
second case the sample is translated at a frequencies be
60 and 100 Hz, the amplitude of the oscillatory motion be
on the order of 1 mm.

We used two different types of correlators. For the det
mination of the dynamic structure factor, following the sam
protocol as in DWS we used the ALV 5000 correlator. F
the correlation echo technique we used a BI 9000 correla
which can be configured in such a way as to concentra
great number of correlation channels around the delay ti
coinciding with the peak positions, thus allowing their me
surement with a good precision@21#.

C. Experimental results and discussion

Figure 1~a! shows the dynamic structure factor of a g
whose cross-linking ratio is 231023. This is a typical case
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for which DLS and DWS measurements are complement
Figure 1~a! displays theq variation of the dynamic structure
factor as measured by DLS. Whatever the magnitude of
wave vector transferq, the structure factor does not go t
zero when time goes to infinity but reaches a nonz
asymptotic value which depends on the value ofq. Follow-
ing Ref. @14#, we took

lim
t→`

f ~q,t !5e2q2Dr 2~`!/65e2q2d2
. ~18!

As illustrated in the inset of Fig. 1~a!, where the data
collected for cross-linking ratiosRc51.631023 and Rc55

FIG. 1. ~a! Dynamic structure factors for a gel~Rc5231023,
Cp50.05 g/cm3! containing polysterene nanospheres~85 nm! at a
volume fractionf51024. The different curves correspond to sca
tering angles of 35°~open circles!, 75° ~open squares!, 105° ~open
diamonds!, and 135°~open triangles!. The inset shows theq2 de-
pendence of the limiting value of the dynamic structure factor
long times,f (q,`). Data sets correspond to gels having the sa
concentration and volume fraction of particles as above; cro
linking ratios are equal to 531023 ~circles!, 231023 ~squares!,
and 1.631023 ~triangles!. Note that the values of they axis are
logarithmic. Solid lines are linear least-squares fits to the data@cf.
Eq. ~18!#. ~b! Dynamic structure factor of an equivalent samp
~Rc5231023, and Cp50.05 g/cm3 and 107-nm particles atf
52.531022! as measured by DWS in the transmitted~squares! and
backscattering~circles! geometries.
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31024 are also presented, the experimental results can
fitted very satisfactorily with Eq.~17!, leading to the deter-
mination of the characteristic spatial length explored by
particles,d, as a function of the cross-linking ratio~cf. Table
I!. However, to better determine the dynamics of the b
inside this Brownian cage, one needs probe smaller len
scales. Figure 1~b! represents the dynamic structure facto
obtained from the DWS intensity correlation functions
sample similar to the one studied by DLS. We represen
the measurements corresponding to the backscattering
transmission geometries. First of all, the measured struc
factors go to zero at long times, both in the transmission
in the backscattering geometries, showing that the confi
ment of the particles cannot be seen at the scales probe
this technique. The dynamics of the particles at short len
scales thus obtained shows a subdiffusive motion of
probes. In all the samples we studied, the motion of
particles was never purely diffusive, even at the shortest
tection times.

We focus now on more strongly cross-linked systems,
which nonergodicity effects are apparent even in DWS.
performed series of autocorrelation experiments in which
sample was moved by steps of 200mm, thus observing dif-
ferent pointsro of the speckle pattern. We first checked th
general assumptions of our treatment were valid, by plott
@gr o

2 (0)21#^I r o
& t

2 versus^I & t
2. Figure 2 shows the typica

curve obtained by plotting 2000 data points, each one co
sponding to a different position of the sample. The data
in very good agreement with the linear relationship@Eq.
~17!#. This linear dependence was found in all the samp
presenting a nonergodic behavior. Therefore, in this case
electric field of the scattered intensity can be decompo
into constant and Gaussian parts, and the time average o
fluctuating part of the intensity does not depend on the p
of observation.

FIG. 2. Experimental verification of the ‘‘self-heterodyne’’ re
lationship@cf. Eq. ~18!# in DWS ~backscattering geometry!. On the
x axis are plotted the total scattering intensities~time-averaged!
corresponding to a total of 2000 observation points, plotted on
graph. The sample is a gel withRc5131022, Cp50.05 g/cm3, and
fo52.531022. The solid line is a least-squares linear fit to t
data; the slope is proportional to the fluctuating component of
scattered intensity@cf. Eq. ~17!#.
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In spite of the fact that the latex particles embedded in
gels are strong light scatterers, in DLS experiments it is
possible to neglect the component of the intensity associ
with the polymer concentration fluctuations of the bare g
I PAA @22#.

The dynamic structure factors obtained by DLS were
ted with a nonlinear least-squares fitting procedure using
expression

f ~q,t !5 f ~q,`!1A exp~2t/tPAA!

1@~12A2 f ~q,`!#exp@2~ t/tc!
g#. ~19!

This functional form was chosen primarily because it allo
for quick, reproducible and satisfactory fits of the data,
illustrated by Fig. 3~a!. The amplitude parameterA is the
ratio between the scattering intensity associated with
concentration fluctuations of the gel and the fluctuating p
of the scattering intensity associated with the motion of
probe particlesI F , i.e., A5I PAA /I F ; tc and tPAA are the
correlation times associated with the particle motions and
polymer concentration fluctuations of the gel, respective
As illustrated in Fig. 3~b!, the values oftPAA measured in the
different gels are in good agreement with those measure
an equivalent solution at the same concentration of the
~crosses!, showing the usualq22 dependence@9,23–25#.

The values of the exponent of the stretched exponen
g, reported in Table I, are essentially independent on
scattering vector for a given system, but depend system
cally on the cross-linking ratio. The evolution ofg with
cross-linking ratio could bear relevance to theoretical wo
on relaxation phenomena in disordered media. The evolu
of the exponent could be related to the increasing amoun
frozen-in disorder in the gel matrix surrounding the pro
particles @26#. This ‘‘disorder’’ ought to be an increasing
function of the cross-liking ratio, as the degrees of freed
of the polymer concentration fluctuations are increasin
hindered by the presence of physical links between neigh
ing chains. In order to compare the characteristic timestc
corresponding to different values ofg, we followed Delsanti
and Munch in Ref.@27# and calculated the averaged tim
^tc&5G(g)tc /g, whereG is the Eulerian gamma function.

The correlation timetc can be viewed as the characteri
tic exploration time of the Brownian cage, i.e., the time ea
particle will require to explore a significant portion of it
allowed positions. This correlation time ought to be indepe
dent on theobservationscaleq21. Figure 3~b! clearly illus-
trates this point for our experimental systems. The value
d2 and^tc& as obtained from the above analysis are repor
in Table I.

As the cross-linking ratio increases, the average m
square displacement decreases and eventually can no lo
be detected reliably using DLS. The main motivation f
using DWS is then to expand the range of detection
smaller displacements.

In Fig. 4 we show the dynamic structure factors obtain
in the backscattering and transmission geometries, for cr
linking ratios of 531023 @Fig. 4~a!# and 1022 @Fig. 4~b!#.
We now see that the structure factor reaches a nonzero v
at long times, from which we can deduce the maximu
mean square displacement of the particles, according to
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backscattering lim
t→`

f B~ t !5e2d2/6l B
2
, ~20!

transmission lim
t→`

f T~ t !5e2Ad2/6l T
2
. ~21!

FIG. 3. ~a! Example of DLS dynamic structure factor@Rc52.2
31023, Cp50.05 g/cm3, andf

•
5131024 ~85-nm latex spheres!,

and the scattering angle is 90°#. The decay function is bimodal. Th
solid line is a least-squares nonlinear fit to the data using Eq.~19!.
The residual plot of the fit is shown on the bottom of the figu
Note that the maximum deviation is less than 3%.~b! Variation of
the characteristic decay times associated with the ‘‘cage’’ dyn
ics, tc , and with the polymer concentration fluctuations of the g
tp , as a function of the magnitude of the scattering vectorq. Filled
symbols correspond to thetc of gels with Cp50.05 g/cm3 at f
51024 (85-nm polystyrene nanospheres!; cross-linking ratios are
531023 ~diamonds!, 231023 ~squares!, and 1.631023 ~circles!.
Open symbols show the evolution oftp for the corresponding gels
For comparison, the decay time measured on a PAA solution a
same concentration prepared in the same conditions~crosses! is also
shown.
The values ofd2 obtained by using the above expressio
are reported in the table. In both cases,d2 would have been
too small to be measured reliably using DLS.

Let us remark that this way of performing explicitly th
ensemble averages is time consuming, and that at least
key quantity, namely the plateau value of the mean squ
displacement, can be obtained more readily by compu
the intensity correlation function while the sample is in o
cillatory motion. During one period, the light from a larg
number of different points of the speckle is collected, and
ensemble average over all these points is performed in
time. The shape of the correlation function reflects both
macroscopic motion of the sample and the dynamics of
beads themselves inside the gel. The filled circles in F
4~a! and 4~b! show the results obtained in these experimen
One sees a first decrease due to the collective motion of
sample imposed by the translation, then a series of ech
centered around the period of excitation~two echoes in the
presented experiment!, as the sample comes back period
cally to the position it occupied one period before. Due
their random motion inside the gel matrix, the scatterers

.

-
,

he

FIG. 4. ~a! Dynamic structure factor of a gel measured by DW
in the transmitted geometry~open circles!. Sample characteristics
Rc5131022, Cp50.05 g/cm3, andf

•
52.531022. Filled circles

show the result of a correlation-echo experiment performed on
same sample.~b! DWS dynamic structure factors~open circles! and
correlation echo~filled circles! for the same sample as in Fig. 3~a!,
but now in the backscattering geometry.
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not come back exactly to their previous positions, and
height of the correlation echo is thus smaller than 1. In fa
we recover the value of the ensemble average structure fa
at discrete times corresponding to integer multiples of
oscillatory frequency. Thus we are able to measure the m
mum mean square displacement, provided that the perio
the imposed translation is larger than the correlation time
the structure factor due to the motion of the beads aro
their average position.

Let us come back to the full structure factor. Gene
DWS theory allows us to express it as a function of t
ensemble averaged mean square displacement^Dr 2(t)& @12#,
from which we deduce, by a point to point numerical inve
sion of the formulas, the ensemble-averaged mean sq
displacement of the probe particles. The results are give
Fig. 5. At long times, one sees that the motion of the bead
constrained: they are trapped in Brownian cages whose
decreases when the cross-linking ratio increases. In Tab
we report the value ofd2, as obtained from the long-tim
behavior of̂ D r

2(t)& using Eqs.~20! or ~21! depending on the
value ofd2. Also are given the values of^tc& determined by
fitting ^D r

2(t)& to the equation@14#

^D r
2~ t !&56d2@12exp@2~ t/tc!

g##, ~22!

At short times, the beads motion tends again toward a s
diffusive behavior reflecting short time dynamics of the g
We notice that, at short times, the beads in the less cr
linked gel appear to undergo a slower local diffusion as
mean squared displacement curve is the lowest.

It should be noted that, at present, the short time beha
of beads trapped in a viscoelastic medium gives rise t
debate. For instance, the issue on whether one recover
diffusive behavior of probes in water or not is not yet r
solved. In the present case, the experimental observatio
likely due to the fact that a weakly cross-linked gel has
higher fraction of dangling ends and highly branched s

FIG. 5. Mean square displacement as a function of time
probe particles embedded in different gels matrices withCp

50.05 g/cm3 and fo52.531022; the cross-linking ratios of the
different samples areRc5231023 ~open and filled circles!, Rc

5531023 ~plus signs! and Rc5131022 ~squares!. The spatial
ranges accessible to DWS~backscattering! and DLS are shown on
the right hand side. Open circles correspond to DLS measurem
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parts that do not contribute to the elastic modulus but
crease the local viscosity experienced by the particles. S
ond, we notice a slight shift between the measureme
performed using DLS and DWS which cannot be accoun
for by the slight difference of probe sizes. This is very like
due to the lack of reproducibility of the mechanical chara
teristics of the gel samples. Ideally, one would want to stu
the same gel with two very different concentrations of po
styrene spheres. This is not possible, and we had to pre
different samples for each technique. Unfortunately, th
gels are close enough to the gel point that small deviation
the sample preparation conditions~e.g., added cross-linking!
can cause some differences in the mechanical propertie
the final sample.

We estimated the shear modulusm of the gel, as probed
by the particles, from the value of the maximum mean squ
displacement,̂ Dr 2(t)&, arguing that the work necessary
move a bead of radiusR by a distanceDr , inside a medium
of elasticity is of thermal origin@4# so that

m5
kBT

6pRd2 , ~23!

kBT being the thermal energy. In fact, as discussed
Schnurret al. @28#, the above expression is strictly valid on
at time scales which are short enough so that the solvent
the network move as one at scales large when compared
the mesh size of the network. In this limit the gel behaves
an incompressible fluid. An exact expression for longer ti
scales should include the contribution due to the comp
sional deformation since the stress in the solvent has tim
relax completely as the network is deformed. The correct
factor depends on the Poisson ratio and is negligible if
latter quantity is close to1

2. For polyacrylic acid gels pre-
pared at a polymer concentration larger than those con
ered in this study@29#, and for polyacrylamide gels in goo
solvent @30# the Poisson ratio was found to be close to1

3.
With such value of the Poisson ratio the values ofm as de-
termined by using Eq.~23! would be underestimated b
about 12%, which is a small correction considering the la
variation ofm as a function of the cross-linking ratio show
in Fig. 6.

When fitted to a power law, the elastic modulus variati
with the cross-linking ratio yield an apparent scaling exp
nent of 2.9160.18. This result is not what one expects fro
the classical theory of rubber elasticity; however, this beh
ior, which has been observed previously, can be accou
for by the existence of dangling chains and unattached ch
at low cross-link density and of trapped entanglements
high cross-link density. The former effect tends to decre
the shear modulus, the latter to increase it@31#. The discrep-
ancy between the value of the local elastic modulus of
gel with Rc5531023 found using DLS and DWS migh
beexplained by the fact that the DLS measurement is cle
at the very limit of the resolution of this technique@cf. the
inset in Fig. 1~a!#. This is precisely the reason why we re
sorted to DWS for these gels. The two samples were iss
from different syntheses which introduce further uncertai
in the result.

We then compared the macroscopic measurement of
elastic modulus with optical measurements. We measu
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2886 PRE 61NISATO, HÉBRAUD, MUNCH, AND CANDAU
the elastic modulus of a gel cross-linked atRc5431023,
with a Haake RS600 rheometer, and found that it did
vary with frequency between 231022 and 2 Hz its value
being 20 Pa. The comparison with macroscopic meas
ments is not straightforward. In fact, macroscopic measu
ments are usually performed by means of a uniaxial co
pression technique that provides the zero-freque
modulus. Measurements corresponding to the frequency
main accessible to the optical measurements are not pos
with classical rheometers. A frequency-dependence of
storage modulus of weakly cross-linked gels is often
served, and this could account for the difference betw
macroscopic and microscopic measurements. Moreo
macroscopic dynamic measurements in cross-linked poly
gels are not straightforward, and are often marred by syst
atic errors which are very difficult to detect~e.g., surface
defects and/or presence of a lubrication layer between
hydrogel and the plates of the rheometer!, that lead to an
underestimated value of the shear modulus.

The characteristic time required by a particle to explo
its Brownian cagê tc& is independent on theq value, as
shown in Fig. 3~b!, since it only depends on the character
tics of the sample and not on the scale of observation.
possible to relate the average mean square displaceme
the probe particlesd2 and ^tc& to deduce the local friction
coefficient:

v5
kBT^tc&
6pRd2 . ~24!

Equation~24! is essentially a Stokes-Einstein relationsh
v having the dimensions of a viscosity~Pa s!. The values of
d2, ^tc&, v, andm for the different systems we studied a
summarized in Table I.

FIG. 6. Evolution of the local shear modulusm as a function of
the cross-linking ratioRc ~filled symbols!. The local friction coef-
ficient v is also plotted~open symbols!.
t
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Contrary to the local shear modulusm, the friction coef-
ficient defined above isindependenton the cross-linking ra-
tio, as shown in Fig. 6. We note the satisfactory agreemen
DWS and DLS results, especially considering the fact t
size of the particles used in the two different types of expe
ments differed by about 20%. The local friction coefficientv
reflects local relaxation processes of the polymer ma
which are not related to the cross-linking ratio of the po
mer network. This result is not trivial and requires furth
investigation.

The mean square displacements of the particles coul
principle be further analyzed by Laplace transform invers
of data to obtain the frequency-dependent storage and
moduli of the matrix@4#, which could be compared to mac
roscopic measurements. However, the numerical uncert
ties of this procedure pose a problem. Also, an actual co
parison would require reliable macroscopic measureme
that are very difficult to obtain with classical rheometers
the same frequency range accessible to the optical mea
ments.

IV. CONCLUSION

We extended DWS to the case of nonergodic systems,
used this technique to measure the motion of colloidal p
ticles trapped inside a chemically cross-linked gel. The
herent nongodicity of the scattering in these systems ha
be addressed experimentally by performing explicit e
semble averages, or by using other averaging schemes
measured the maximal amplitude of the motion of the p
ticles, which we considered to act as viscoelastic probe
the gel matrix. From the mean square displacement we
duced the variation of the elastic modulus of cross-link
gels. Further work has to be done to compare the opt
results to macroscopic measurements performed in the s
frequency range. The results show that these scattering t
niques are appropriate to investigate both dissipative s
time properties and elastic moduli of permanently cro
linked gels. To probe the short time behavior, one has to
the DWS, whereas the choice of the technique for measu
the elastic modulus will depend of the value of this modul
Upon increasingG, one turns successively to DLS, then
DWS in the transmission mode, and eventually to DWS
the backscattering mode.

Finally, one should note that such techniques provide n
prospects for studying inhomogeneities of materials or f
lowing the local mechanical response of time-evolving s
tems such as associating systems or gels under swellin
deswelling.
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